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Abstract

It has been revealed that the surface stress effect plays an important role in the mechanical behavior of
structures (such as bending, buckling and vibration) when their dimensions are on the order of
nanometer. In addition, recent advances in nanotechnology have proposed several applications for
nanoscale shells in different fields. Hence, in the present article, within the framework of surface
elasticity theory, the free vibration behavior of simply-supported cylindrical nanoshells with the
consideration of the aforementioned effect is studied using an exact solution method. To this end, first,
the governing equations of motion and boundary conditions are obtained by an energy-based
approach. The surface stress influence is incorporated into the formulation according to the Gurtin-
Murdoch theory. The nanoshell is modeled according to the first-order shear deformation shell theory.
After that, the free vibration problem is solved through an exact solution approach. To this end, the
dimensionless form of governing equations is derived and then solved under the simply-supported
boundary conditions using a Navier-type solution method. Selected numerical results are presented
about the effects of surface stress and surface material properties on the natural frequencies of
nanoshells with different radii and lengths. The results show that the surface energies significantly
affect the vibrational behavior of nanoshells with small magnitudes of thickness. Also, it is indicated
that the natural frequency of the nanoshell is dependent of the surface material properties.
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1. Introduction attention of researchers for numerous
Nanoscale structures have many applications applications [11-13].

in several cases such as composites [1, 2], The theoretical models based on the
sensors [3, 4], clinical applications [5], and continuum mechanics are widely used so as to
solar cells [6]. A primary reason for the study the mechanical behavior of structures at
considerable interest in using nanostructures is micro- and nanoscale [14-17]. It is generally
related to their outstanding properties [7-10]. accepted that the use of the continuum models
Nanoshells have recently attracted the on the basis of classical elasticity theory does

not lead to accurate results at very small
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scales. Thus, some modified elasticity theories
have been developed to capture the small scale
effects on the mechanical behavior of micro-
and nanostructures. Among them, the strain
gradient theory [18-20], the nonlocal theory
[21-23], and the couple stress theory [24-26]
can be mentioned.

Also, an important issue in investigating
the mechanical behavior of micro- and
nanostructures is the heterogeneity nature of
the material structure [27-29]. These structures
are made of nano-structured materials
including nano-porous materials, nanoparticle
composites, and nanocrystalline materials [27-
29]. Experimental and theoretical studies on
the mechanics of nano-structured materials
have revealed that they have unique properties
that distinguish them from conventional
materials. The ultra-small inhomogeneity sizes
and the ultra-high specific interface areas can
be mentioned as those properties [30].

The surface stress effect is a significant small
size parameter that plays an important role in the
mechanical response of nanostructures. In a
nanostructure, due to dissimilar environmental
conditions, atoms at or near a free surface have
different equilibrium requirements as compared
to the atoms within the bulk of material. This
leads to the creation of surface stresses which
become considerable as compared to their bulk
counterparts when the size is very small. In
1970s, Gurtin and Murdoch [31, 32] proposed a
modified elasticity theory called the surface
elasticity theory in order to consider the surface
stress effect in the continuum modeling of
materials. Based on this theory, the physical
properties in the neighborhood of surface are
different from those of interior. Up to now,
several researchers have successfully employed
the Gurtin-Murdoch theory for the linear static
[33-35], linear dynamic [36, 37], nonlinear static
[38], and nonlinear dynamic [39-41] analyses of
different nanostructures.

The literature review reveals that the majority
of studies about the surface stress effect are
related to the mechanical behavior of nanowires,
nanobeams, and nanoplates; and the mechanical
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response of nanoshells incorporating surface
stress effect has rarely been investigated so far.
In the present research, based on the Gurtin-
Murdoch theory capturing the surface stress
effect, a continuum shell model is developed in
order to investigate the vibrations of circular
cylindrical nanoshells. To accomplish this aim,
using the first-order shear deformation shell
theory and Hamilton’s principle, the governing
equations of motion including surface influences
are derived. Then, an exact solution is obtained
for the free vibrations of nanoshells under
simply-supported boundary conditions. In the
numerical results, the surface stress effect and
the influences of surface material properties are
studied. The results of present work can pave the
way for further investigations on the mechanical
behavior of nanoshells considering surface
effects within a reliable  mathematical
framework.

2. Derivation of Governing Equations
Consider a simply-supported cylindrical
nanoshell with length L, thickness h and mid-
surface radius R according to Figure 1. Based
on the surface elasticity theory, a bulk part and
two inner and outer thin surface layers are
assumed for the nanoshell. A coordinate
system is chosen whose origin is located on
the middle surface of nanoshell. In this
system, the longitudinal, circumferential, and
transvers directions are respectively denoted
by x, y and z. Using the first-order shear
deformation shell theory, the displacement
components are given as:

u, (t,x,y,z)=u(t,x,y)+zy, (1,x,y),

u, (tx,y,z)=v(t.,x,y)+zy, (t.x,y), (1)
u, (tx,y,z)=w(t,x,y).

where t denotes the time. Also, u, v and w are the
displacements of middle surface; v, , and v,

are the rotations of the middle surface normals
about the y- and x- axis, respectively.

The strain-displacement relations are
expressed as:
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Fig. 1. Schematic view of a simply-supported cylindrical nanoshell with bulk and surface phases

The constitutive relations of the bulk part
are also formulated as

0 4 A+2u A 0 0 O0|ey
oy A A+2p 0 0 0fle,
Oy = 0 0 w0 097y 3
Oy 0 0 0 u 0||7e
0y 0 0 0 0 w7y

where Z=Ev/(1-v?) and u=E/(2(1+v))

denote classical Lamé’s parameters (E and v
are Young’s modulus and Poisson’s ratio of
bulk part, respectively).

Based on the Gurtin-Murdoch theory [31],
the constitutive relation for the surface part is:
’72/3 :Tséa/z +(TS + )8)8’)’6aﬂ +
2(u* —1° el Hrous, (o fp=xy) (4
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in which 1°* and x° are surface Lamé’s

parameters. Moreover, t° indicates the surface
residual stress and ¢,, denotes the Kronecker

delta.

It should be remarked that using the
Gurtin-Murdoch model (through the last term
in its constitutive equation), it is possible to
consider surface pre-strains developed on the
surface before loading owing to the surface
residual stress [42, 43]. Deformation of the
surface before loading leads to large strains
after loading. Therefore, by taking surface pre-
strains into account, large strains are
developed in the surface phase, whereas
strains in the bulk phase are small [44].

Based on Equation (4), the surface stress
components are obtained as:
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In the context of classical continuum models,
it is assumed that &, is small as compared to
other normal stresses, and hence it is neglected.
But, such assumption does not satisfy the surface
conditions of the present surface stress model.
Therefore, it is considered that o, changes
linearly through the thickness and satisfies the
equilibrium conditions on the surfaces [45]. If
the surface stresses on the surfaces S* and S~
are denoted by +:" and o, respectively, the

o !
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where ;" and o;  are bulk stresses at
z =+h/2, respectively, u’* and u’~ are
displacements at z =+h/2, respectively, and
p°* are the surface densities of the surface

layers S* and S -, respectively.

. o . . Accordingly, is written as:
following equilibrium relations must be satisfied gy, .
[31].
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By substituting this relation into the

relations of normal stresses for the bulk of the
nanoshell one arrives at

The total strain energy with considering the
surface stress effect is expressed as

h
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where S is the area of middle plane. bending moments and shear forces are:
Furthermore, the in-plane force resultants,
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in which
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In these equations, p and p° are densities as
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A Navier-type solution method is used here
to solve the free vibration problem. The
simply-supported boundary conditions are
expressed as

N, =v=w=M, =y, =0 (19)
u(t,x,y) [ucos(a,x )sin(B,)
v (t,x,y) _ | vsin(a,x )cos(B,»)
w (t,x,y) :ZZ W sin(a,x )sin(8,»)
v, (t.x,y)| """ |y, cos(a,x )sin(B,))
v, (t.x,y) W, sin(a,x )cos(S,,)

where «, =nz and g, =m (n: the number of

The following displacement components
satisfy both the governing equations given in
Equation (18) and the boundary conditions
given in Equation (19)

i Qr

(20)

dimensionless governing equations, and then
by eliminating the trigonometric functions,

axial wavenumbers, m the number of . C -
circumferential wavenumbers). In addition, one can arrive at the following set of algebraic
Q is the dimensionless natural frequency. By equations
substituting the displacement components into
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Finally, by finding the eigenvalues of thickness predicted based on the surface stress
Equation (21) numerically, the natural frequencies model. Furthermore, the dimensionless results
of cylindrical nanoshell can be obtained. of classical model are presented in this figure.

It is observed that as the thickness of
4. Results and Discussion nanoshell  decreases, the dimensionless
First, two validation studies are performed to frequency increases due to surface stress
assure the accuracy of the developed shell effect. Also, one can see that the surface stress
model. Table 1 shows a comparison between effect is more pronounced at small magnitudes
the results of present work and those of [46] of thickness, and the difference between the
and [47] for vibrations of simply-supported surface stress and classic results becomes
shells based on the classical elasticity theory. insignificant for the sufficiently thick
In this table, the variation of fundamental nanoshell. In other words, by decreasing the
frequency is presented with length-to-radius thickness of nanoshell, the energies of surface
ratio. It is observed that an excellent phase become considerable compared to those
agreement exists between the present results of bulk of material. But, with increasing the
and the results of [46] and [47]. thickness of nanoshell, the energies of bulk

Moreover, in Table 2, a comparison is phase increases, and thus the surface energies
made between the results of present shell become insignificant.
model with those of a beam model developed Figues 3-6 show the effects of surface
in [48] based on the surface elasticity theory. properties on the free vibration characteristics of
The results of this table are generated for the nanoshell. In Figure 3, the influence of
simply-supported boundary conditions and surface residual tension can be studied. It is seen
also for various length-to-thickness ratios that when the surface residual tension increases,
(L/R). It is observed that there is a good the nanoshell frequency becomes larger. Figures
agreement between two sets of results. 4 and 5 also indicate the effects of surface

In the following, selected numerical results Lamé’s constants. As it can be seen, the free
are given to show the surface effects on the vibration response is dependent on both
vibrational behavior of nanoshells. It is magnitude and sign of surface Lamé’s constants
considered that the material of nanoshell is Si especially for the nanoshell with small aspect
<100> whose properties are [49, 50] ratios. Figures 4 and 5 reveal that the frequencies

associated with the positive values of surface

_ _ 3
E =210GPa, p =2331kg /m", v =0.24, Lamé’s constants are higher than the ones

4°=-4488 N Im, p’ =-2774N Im, related to the negative values. The influence of
t°=0.605N /m, p°=317e—Tkglm’ surface mass density is also shown in Figure 6. It
is observed that the frequency of the nanoshell

Figure 2 depicts the free vibration response tends to decrease by increasing »° .

of the nanoshell with different magnitudes of

Table 1. Variation of fundamental frequencies (Hz) of simply-supported shell against length-to-radius ratio predicted
by the present shell model and by the models of [46] and [47] based on the classical elasticity theory

(E =205.098GPa, v=0.31, p =8900 kg /m°, R =1m, % /R =0.002)

L/R 0.2 0.5 1 2 5
Present 417.4186 166.7423 82.9874 41.2155 16.0791
[46, 47] 417.54 166.76 82.993 41.217 16.079

Table 2. Comparison between the dimensionless frequencies calculated based on the present shell model and the ones
reported in [48] based on the surface elasticity theory for different length-to-radius ratios (h =1nm,d /h =5)

L/R Present surface Surface stress
stress shell model beam model [48]

45 0.2363 0.2341

90 0.2208 0.2204

135 0.2137 0.2126

200 0.2083 0.2076
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Fig. 2. Variation of dimensionless natural frequency with L/nR for different values of thickness (R/h=50)
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Fig. 3. Variation of dimensionless natural frequency with L/nR for different values of 2 (R/h=60, h= 5nm)
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5. Conclusion

In this paper, the free vibration of nanoscale
cylindrical shells was analyzed based on the
Gurtin-Murdoch surface elasticity theory. The
governing equations including surface stress
effects were derived using Hamilton’s
principle. Then, in the case of the nanoshell
under simply-supported end conditions, a
closed-form solution was proposed. Selected
numerical results were given to study the
effects of surface stress on the vibrational
behavior of the nanoshell. It was observed that
the surface energies can significantly affect
the free vibration of the nanoshell with small
magnitudes of thickness. Moreover, it was
indicated that the frequency of the nanoshell is
dependent of the surface material properties.
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